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ABSTRACT 
A new generalization of the rotation group involving a skew circulant matrix is 
given. Using the exponential map, a unified treatment is given to this generalization 
and to one due to Ungar. The special functions associated with the corresponding Lie 
groups are the trigonometric and hyperbolic functions of order n. Infinitesimal 
generators and invariants under the corresponding transformations are also obtained. 
A general theorem on linear transformations involving circulant and skew circulant 
matrices is also given. 
1. INTRODUCTION 
In this paper, we give a new generalization of the rotation matrix 
W= 
[ 
cos x sin x 
- sin x 1 cosx ’
We also consider the generalization, given by Ungar [6], of the matrix 
L?= cash x sinh x 
sinh x cash x I 
and give a unified treatment of both generalizations using the exponential 
map. L? is, in fact, the matrix of the Lorentz transformation occurring in the 
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special theory of relativity (vi& Skinner [5, p. 671). We consider the Lie 
algebras and the Lie groups involved and obtain the infinitesimal operators 
and invariants of the Lie groups of transformations. We also present a general 
result on linear transformations involving circulant and skew circulant 
matrices. 
We will use the notation circ[a,, u2,. . . , an ] 11 to indicate an n x n cir- 
culant matrix whose first row is a,, a2,. . . , a,. The corresponding notation 
for a skew circulant matrix wiU be skcirc[ a,, ua,. . . , a,] n. (For a discussion of 
circulants and skew circulants see the excellent book by Davis [l] .) 
2. THEOREMS ON THE GENERALIZATIONS 
THEOREM 1. Let 
P=circ[O,l,O ,..., 0],, (1) 
where the second entry is 1 and the other entries are O’s, and let the 
corresponding skew circulant be 
3=skcirc[O,l,O ,..., 01,. 
Forz~C andk=0,1,2 ,..,, n-l let 
and 
(2) 
(3) 
(4) 
Then 
n-l 
exp(z9) = c h’,“)(z)gk 
k-0 
=circ[h&“‘(x),h(;“)(z),...,h~J,“_’,(z)], 
n-l 
exp(z.9) = C ti”)(z)2” 
k=O 
=skcirc[t~“j(~),tf”)(z),...,t~“_)~(z)]. 
(5) 
(6) 
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Proof. 
n-1 
= c hj;“)(z)@ 
k=O 
[since 9’” = P’, where r is the least nonnegative residue of m (mod n)] 
=circ[hb”)(z),h(;)(z),...,h(,“_),(z)] 
(&de Davis [l, pp. 27, 681). 
In the case of exp(zl), we note that if m = qn + r, with 0 < T < n - 1, 
then 9”’ = ( - l)qSr and so the corresponding result follows similarly. n 
For n = 2, this theorem yields the well-known results relating to the 
rotation matrix for plane rotations and the corresponding matrix of hyper- 
bolic functions 9. Ungar [6] has given the circukmt in the theorem as the 
generalization of Y. The h and t functions are known as the “trigonometric 
and hyperbolic functions of order n” (uide Erdelyi [3, pp. 212-2171). They 
possess properties similar to the trigonometric and hyperbolic functions. 
We note that 9 and L!? are the matrix analogs of the nth roots of - 1 
and 1. 
For brevity we wilI use the following notation 
&‘=circ[hr)(z),h(;)(z),...,h(,“l,(z)] 
and 
(8) 
Now, the functions h and t have the following properties: For k = 
0,1,2 )..., 12 - 1, 
-&h’;‘(z) = h’,“)(z), 
gtp’(z) =( - l)k-rtz:)(Z), 
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where m is the least nonnegative residue of k - T (mod n). Therefore, the 
matrices .P and 9 are, in fact, Wronskians. 
THEOREM 2. 
det&‘=l, (11) 
det.7=1. (12) 
Proof. det .@’ = det[exp(zsl)] = exp[tr(z91)] = exp(0) = 1. Similarly, 
det 9 = 1. n 
Ungar [6] has obtained Equation (11) by using properties of determinants. 
This theorem implies that the functions 
h(kn)( z) for k=0,1,2 ,..., n-l 
and 
p(z) for k=0,1,2 ,..., n-l 
form a linearly independent set. In fact, they form linearly independent 
solutions of the differential equations y(“) - y = 0 and y(“l) + y = 0, respec- 
tively. For n = 2, the identities (11) and (12) are well known. For n = 3, 
dropping the superscripts, we have 
hz + hf + hg - Sh,h,h, = 1 and to3 - t; + t: +3t,t,t, = 1. 
THEOREM 3. For .zl, z2 E C, 
.3?(-z)=[sqz)]-’ and 9-( -z) = [Y(z)] -l. (14) 
Proof. Since z,9 and z,B commute, we have 
X(Z, + z2) = exp[(z, + 2,)9] = exp(z,9)*exp(za9). 
The identity for .7 in (13) follows similarly. The identities in (14) follow from 
L@(O) = .-9-(O) = 9. n 
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Ungar [6] has obtained (13) for .%’ by using derivatives of matrices. 
COROLLARY. 
and 
n-l 
h’,“‘(z, + z2) = c VY~lP%,Y~,) 
r=O 
n-l 
t:“‘(z,+ z2) = c ptp(Zl)t~yZ2), 
r=O 
05) 
(16) 
where m, is the least nonnegative residue of k - T (mod n) and p = 1 if r < k 
andp=-lifr>k. 
Proof. Carry out the multiplication in the equations in (13). m 
The addition formulas above yield a large number of interesting results 
similar to those relating to circular and hyperbolic functions. For example, we 
can obtain, for n = 3, the double angle formula, h,(2z) = hi(z) + 2h,(z)h,(z), 
which yields 
i I+;+;+ . * . . . 1 2 +2 i 1+q1+5+ 1 . 1 . *.* ii z+5r+ 1 . 1 * .*. 1 
23 23 
=1+z+z+ .*.. 
3. LIE GROUP AND LIE ALGEBRA PROPERTIES 
It can be easily verified that (~9: z EC} and (2.9: z EC} are Lie 
algebras with the usual Lie product. 
Consider the relations zi - z2 iff exp(z,P)=exp(z,B) and zi- z2 iff 
exp(zr9) = exp(zs9). Let A and B be the quotient sets under these 
relations respectively. Then it follows that {exp( 29) : z E A } and 
{exp(zS): z E A} are linear representations of abstract Lie groups and the 
associated special functions (vi& Dieudonne [2]) are the h and t functions. 
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THEOREM 4. The infinitesimal generators of the one parameter Lie group 
of transformations corresponding to the Lie groups above are respectively 
XW) = ,“, a x2-+x3--+r,--+ ..- +r 
1 
aa* 
2 
,“, 
3 
-+.,-& (17) 
“ax”-1 ” 
and 
a a a a 
x(.9-)=x2-++3-++x,-+ ... +x 
ax1 ax, a~, a . (18) Gy”‘ar, 
Proof. Consider the following transformation from Iw n to [w “: 
x’= x(2)x 
For a small change AZ in z from z = 0, let x change to X. Then, Ax = 
X - x = &‘( A .z )x - .%(0)x, since X(O) = f. Hence, 
d = d44 
X- 
dz 
xdz=Pxdz. 
z=o 
For a function f(x), 
df=grad(f)dx=grad(f)gxdz 
So the infinitesimal operator is grad( .)9’ x, which is equivalent to (17). In the 
case of Y(z), 
d-7(z) 9 ___ = 
dz 
2=0 
and we get grad( .)9x, which is equivalent to (18). n 
These infinitesimal operators characterize the corresponding Lie groups 
(vide Racah [4]). 
4. INVARIANTS 
THEOREM 5. Let transformations j&m C n to C n be given by 
x’ = circ[aT] x (19) 
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ad 
x’ = skcirc [ ar ] x (29) 
Then for the above transformations, 
det(circ[(x’)r]) = det(circ[ar]).det(circ[xT]) (21) 
and 
det(skcirc[(x’)r]) = det(skcirc[ar]).det(skcirc[xr]) (22) 
respectively. 
Proof. Equation (19) implies that 
We also note that 
XI = aTgr_lx 
r 
Using these relations, we have 
[x,Pn-lX, LPne2x ,..., 9x1 
= (circ[(x’)T])T. 
Taking determinants of both sides, we get Equation (21). 
Equation (22) follows similarly, since (sk)T = - qnek. 
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THEOREM 6. Consider the following transfmtions from Q= n to Q= “: 
x’= X(z)x (23) 
x’= 9-(z)x, (24) 
where 2 and ZT are as in (7) and (8). These transformations leave 
det(circ[xr]) and det(skcirc[x*]) invariant respectively. 
Proof. The above results follow from Theorems 2 and 5. 
For n = 3, the invariants are 
It is interesting that the invariants are n-ic forms, instead of the quadratic 
forms usually met with in the theory of Lie groups of transformations. 
5. CONCLUSION 
To develop the Lie group properties, further work on the functions h and 
t appears necessary. 
Lie groups of transformations, including the rotation group and the 
Lorentz group, are fundamental in advanced theoretical physics. It is possible 
that the generalizations in this paper could have such applications. 
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